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It is shown that every effect algebra can be represented as a pasting of a system
where each element is the range of an unsharp observable. To describe the range
of an unsharp observable algebraicaly, the notion of a “para-Boolean quasi-
effect algebra’ is introduced. Some intrinsic compatibility conditions ensuring
commensurability of effects are studied.

1. THE ALGEBRAIC STRUCTURE OF THE RANGE OF AN
UNSHARP OBSERVABLE

It is well known that every orthomodular poset can be represented as
the pasting of a system of Boolean algebras [5, 21, 17], where the range of
every observable is a Boolean algebra [17] (in particular, each separable
element of the system of Boolean agebras is the range of a (real) sharp
observable [22]). The aim of the paper is to generalize such a result to the
case of effect algebras and unsharp observables. In contrast to the sharp case,
the range of an unsharp observable not only fails to be a Boolean algebra,
but is not even closed under the orthogonal sum. However, the range of any
unsharp observable retains some classical features that are captured by the
abstract notion of para-Boolean quasi-effect algebra. One can prove that
every effect algebra can be represented as a pasting of a system where each
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element of the system isthe range of an unsharp observable. From the physical
point of view, effects contained in the range of an observable are coexistent,
in the sense they are simultaneously measurable.

Definition 1.1. An effect algebra is a partia structure i = (A, @, 1, 0)
where @ is a partial binary operation on A. When & is defined for a pair a,
b € A, we will write (a & b). The following conditions hold:

(i) Commutativity:
Ha® b)impliesdb® a)anda® b =b® a

(if) Associativity:
[Ob & c) and Oa® (b P c))] implies[(Ha @ b) and (a & b)
@c)anda® (bdc)=(adb) D .

(iii) Strong excluded middle;
For any a, there exists a unique x such that a & x = 1.

(iv) Consistency:
a @ 1) impliesa = 0.

An orthogonality relation L, apartial order relation =, and ageneralized
complement ' can be defined in any effect algebra.

Definition 1.2. Let o = (A, D, 1, 0) be an effect algebraand let a, b € A.

(i) al biffac bisdefinedin A.
(i) a=biff (c e Asuchthata L candb=adc.
(iii) The generalized complement of a is the unique element a’ such
that a® a’' = 1 (the definition is justified by the strong excluded
middle condition).

The structure (A, <, ', 1, 0) is an involutive bounded poset (also de Mor-
gan poset).

The category of all effect algebras turns out to be (categoricaly) equiva
lent to the category of al difference posets [16], which were first studied in
ref. 10.

Let # be a Hilbert space, and denote by E(#) the set of all self-adjoint
operators E sit. 0 = E = 1 (where 0 and 1 represent the null and the identity
operator, respectively). In order to induce the structure of an effect algebra
on E(%), it is sufficient to define a partial sum @ as follows:

EDF) iffE+F e E(%), andinthiscase E®F:=E+F

where + is the usual sum-operator.
It turns out that the structure (E(%(), @, 1, 0) is an effect algebra, where
the generalized complement of any effect E isjust 1 — E.

Definition 1.3. Let o4 = (A, &, 1, 0) be an effect algebra. Let (2, B(Q2))
be a pair consisting of a nonempty set {2 and a Boolean algebra $B(()) of
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subsets of (). A (B(L), A)-observable is a map «: B(Q) - A satisfying
the following conditions:

1 aQ) =1

2 AN A, =0implies a(A; U Ay) = a(Ag) D a(Ay).

If no confusion is possible, by “observable” we will mean a (B(€2), 4)-
observable, where both the Boolean algebra of subsets and the effect algebra
are fixed. When o is an element of ) st. {w} e B(Q), we will write, for
the sake of simplicity, a(w) instead of a({w}). When () = R and B(R) is
the standard Borel o-algebra of subsets of R, we will speak of real observ-
ables. Let o bean observable and let Range(a) denoteitsrange. |n other words,

Range(a) = {a € A|A € B(Q): a = a(A)}
Lemma 1.1. There exists an observable o sit.:
1. Range(a) is not closed under ©.
2. Range(a) does not satisfy the associativity condition [(ii) of Defini-
tion 1.1].
3. Leta, b e Range(w). Therelation < [wherea < biff [k e Range(w)

st. Ha ® c) and b = a @ c] does not define a partia order
in Range(w).

Proof. Let o be the unit-interval effect algebra. Let O := {1, 2, 3,
4} and let B(Q) be the power-set of (). Let o be the observable defined
as follows:

a(l) = %, a(2) = %

@ =5 o=

It turns out that
3 4 1 7 5 8 9 11
Ra-nge(a)_{01111_2!1_211_211_2!1_211_21E!1_2}

1. Range() is not closed under &. For example, (1) ® «(l) = 1%

¢ Range(w).
2. Associativity fails. For example, a(1) @ «(3)), X (1) D (a(1) D

«(3)), and () @ («(l) @ «@d)) = 112; however, a(l) @ «(l) =

6
Ip ¢ Range(a).
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3. Therelation < is not transitive. For example, 1 < 4 since S S¥

12 12 12
3 4 3 4 7 . 4 3 7
— = — ) — << — — P —==—.
TR and B e Range(a). Further, TRET since 1269 21 But
i7<l:sincei69£=land£qeRange(cx). [ |

12° 12 12 12 12 12
As a consequence, Range(w) is not a subeffect algebra of .
Definition 1.4. A quas effect algebra is a structure
A=A, =10
where:

1 (A =,', 1, 0)isaninvolutive bounded poset.
2. Qa ® b) implies b & a) and

adb=bda
.ada =1
4. Oa® 1) impliesa = 0.
5a®0=a.

6a=badOa®cyand Qb D c)implya®c=DbDc

Lemma 1.2. Let s{ be an effect algebra, where =< and ' represent the
induced partial order relation and the fuzzy complement, respectively. Let o
be an s{-valued observable. Therange of a givesriseto aquasi effect algebra:

(Range(ar), Doy =a, ' La, O
where:
1. Oa®, b) iff {a® b) and (a ® b) € Range(a). If (a B, b), then
ad,b:=adb

2. =, isthe restriction of = to Range(w).
3. 'a =" (recall that the Range(w) is closed under ).
4.1,=10,=0.

Notice that it may happen that a =<, b even if there exists no ¢
Range(a) such that a &, ¢ = b.

Lemma 1.3 [12]. There exists an observable a s.t. Range(a) is not a
|attice with respect to the partial order <, defined in Lemma 1.2.

Definition 1.5. A quasi effect algebra
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‘ﬁ = <A5 @A’ SA1,A5 1A1 OA>

is para-Boolean iff there exists an effect agebra B = (B, ©g,’8, 1z, Og)
such that:

1. ACB.

2.a,be Aand do Pab)imply Ha® gb)anda®sb =a® g b.
3.ae Aimpliesa’s = a'8

4.a,b e Aimplies[a= 5 biffa=g, b].

5. OA = OBv 1A = 1B'

6. There exists a %B-observable « such that A C Range(«).

In other words, a para-Boolean quasi effect algebra is contained in the
range of an observable.

Definition 1.6. A quasi effect manifold isasystem of quasi effect algebras
{‘Sdi = <A|1 69i1 Si1 ,iv li, 0i>: I € I}
such that:

2. a,be ANAanda® b)and {ad; b)implya® b=adb.
3. ae ANAimpliesa’ = a'i.
4. Oi[b,c,b®ce Aanda bdc ad (bDc) e Al implies
Chk[a, b,a®,be Ayanda®, b, c, (a®yb) Dc e A] and
a@i (b@J C) = (a@hb) @kc
5 abe AN A implies[a = biff a=;b].

Definition 1.7. A para-Boolean manifold is a quasi effect manifold,
where each quasi effect algebra is para-Boolean.

Theorem 1.1. Every quasi effect manifold {s4;} determines an effect
algebra® = (B, @, 0, 1) sit.

1 B:UiAi

2. Qa®b)iffdabeAaddad b If (a®d b)and Ha D,
b),thena® b = a &, b;.

3. 1=1i10=0i'

We say that {A} isacoveringof 3. m
Proof. Straightforward.

Theorem1.2. Every effect algebraiscovered by apara-Boolean manifold.
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Proof. Let B = (B, @, 1, 0) be an effect algebra. Let us consider the
class of al rea B-observables. Each Range(a) determines a para-Boolean
quasi-effect algebra

Ai = (Range(w), D, =, ', 1, 0)

where® =, ’, 1, 0 are the operations (relations) of 9% restricted to Range(w;).
Let us consider {s4;}. We will prove that {4} is a para-Boolean manifold
which covers 2.

Conditions 1-3 and 5 of Definition 1.6 are easily verified.

Now, we prove condition 4. Suppose (b &, ¢) and (a @; (b &, ¢)).
Then Qb @ c) and a @ (b D ¢)). Thus, b Lgcanda Lg (b D c). Then,
by associativity of %B, ({a Pg b) and [{(a @5 b) Pg c). Sincea L b, there
must be an observable oy, st. @, b, a® b € Range(wy,). Similarly, since a @,
b 1 c, there must be an observable o, sit. a @y, b, ¢ € Range(ay) and (a By,
b) @« ¢ € Range(oy). Then, clearly, a @©; (b @©; ¢) = (a D, b) D« c.
Consequently, {s4;} is a para-Boolean manifold. We now prove that {4} is
a covering of &. Clearly, B = U; Range(w;).

If Oa @g b), then a Lz b, so that there exists an observable «; st. a,
b,a®d; be Range (o) anda®; b=aDgzb. =m

2. DIFFERENT NOTIONS OF COMPATIBILITY

From the physical point of view a privileged notion of compatibility is
represented by the relation of commeasurability (called aso simultaneous
measurability or coexistence). Consider an effect algebra s{. Let Obs™ denote
the set of all observableson o and let a, b € A. We will follow Varadargjan
[22, 23, p. 118] (see aso Mackey [15, p. 70]).

Definition 2.1. a and b are called commeasurable (a & b iff (0
Obs*: a, b e Range(0).

It would be desirable to have an intrinsic definition of commeasurability.
As is well known, in orthomodular lattices, such a condition is represented
by a decomposition property [22, 15]. In the effect algebra case one can
define this intrinsic notion as follows [9]:

Definition 2.2. a and b are called Mackey-compatible (a & b) iff Chy,
b,c[da; ®b,®c)anda=a, ® candb = b, P ¢]. In such acase, we
will say that a;, b,, ¢ represent a Mackey decomposition of a, b.

One can easily show the following result:

Lemma2.1l.a & biff a &y b.

By transferring the usual notion of compatibility from orthomodular
posets to effect algebras, we obtain the following weaker relation.
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Definition 2.3. a and b are called weakly-Mackey compatible (a &
b) iff Cybc[a; L by, @ L ¢, by L c,canda=a, D c,andb = b, D c].
In such a case, we will say that a;, by, ¢ represent a Mackey weak decomposi-
tion of a, b.

Lemma 2.2. Mackey-compatibility implies weakly-Mackey compatibil-
ity, but not the other way round.

The following example shows that weakly-Mackey compatibility is not
sufficient for Mackey-compatibility.

Example 2.1. Recall that a Wright triangle is an orthoalgebra which is
a pasting of three blocks determined by the following sets of atoms:. {a, b,
ct,{c,d e}, {ef a}. Wehavea L c,c Leela bb=abdcd =c
@ e. At the same time, b’, d’ are not Mackey-compatible since they do not
belong to one and the same block. Therefore, the Wright triangle represents
an example of an effect algebra where the relation of Mackey-compatibility
and weakly-Mackey compatibility do not coincide.

Moreover, we have the following result:

Lemma 2.3. A is an orthomodular poset if and only if the following
condition is satisfied:

« Oa,be dA,a=a ®c b=b,®cisaMackey weak decomposition
iff it is a Mackey decomposition of a, b.

Proof. It is easy to see that an effect algebra o is an orthomodular poset
iff foranya,b,c e sd,a L b,blcandc L aimplya®b L c. Indeed,
the latter property implies that a & b coincides with a [0 b whenever a L b.

Clearly, if o isan orthomodular poset, then every Mackey weak decom-
position is a Mackey decomposition.

Conversely, if o is not an orthomodular poset, then there are pairwise
orthogonal elements a, b, ¢ such that a € b is not orthogonal to c. Consider
u=awh v=a®c thena, b, cisaMackey weak decomposition, but
not a Mackey decomposition, of u, v. m

In any orthomodular poset, Mackey decompositions are unique (when-
ever they exist). In effect algebras, instead, Mackey decompositions need not
be unique.

’ ’

Example 2.2. Consider the chain {0,

NI
MW

, 1} and the elements

N

MW

1
4 1
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13 1 1 - 1
Then both 0, 12 and 7 0, > are Mackey decompositions of 2 and
i—i . For a counterexample in orthoalgebras see the Frazer cube [14].

Let us now introduce some properties that concern the whole effect
algebra A.

Definition 2.4. An effect algebra o satisfies the Mackey property iff the
relation &y, is universal.

Definition 2.5. An effect algebra s satisfies the Riesz property iff Oxyz
x=y® zimpliesOphzi [y =yadz = zandx =y, D z].

Lemma 2.4 [20]. If an effect algebra o satisfies the Riesz property, then
A is an interval-effect algebra, but not the other way round.

As expected, the concrete effect algebra E(#) does not satisfy either
the Mackey property or the Riesz property.

Lemma 2.5. If an effect algebra A satisfies the Riesz property, then A
satisfies the Mackey property, but not the other way round.

Proof. For any a, b we have a = b @ b’. By the Riesz property, there
aea; = b, a, = b’ suchthat a = a; @ a,. Since a; = b, there is ¢ such
thatb=a ®c Nowa, Pc=ha=>b implya @D c L a, sotha a,,
&, C is a Mackey decomposition of a, b.

The Fano plane (Fig. 1) represents an example of an effect algebra
where the Mackey property is satisfied, whereas the Riesz property fails. =

C

a © e
¢
Fig. 1. Fano plane.
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Thefollowing definition provides astrengthening of the Mackey compat-
ibility which is equivalent to the Riesz property.

Definition 2.6. Let x be any element of . Two elements a, b are called
x-Mackey compatible (a &, b) iff a, b = x and there is aMackey decomposi-
tion a;, by, c of a, b such that a; @ b, © ¢ = x.

Theorem 2.1. An effect algebra o satisfies the Riesz property iff for
any a, b, x, e od,a b= ximpliesa &, b.

Proof. Assume the Riesz property. Let a, b = x. Then there is y such
that a = b @ y = x. By hypothesis, therearec =< b, a4 = y such that a =
c® a,. Let b, besuchthatc® b; = b. Nowc® b; = b, a; = y imply
aPb, Pc=bPBy=x Hencea &, b.

To prove the converse, let x =y @ z Put w := y @ z By hypothesis,
X M, Y, hence there are x;, y;, usuch that x, @y, Du=wand x = x; @
U,y =y, D u. It suffices to prove x; = z Let v be such that x;, @ y; © u
@ v =w=y® z By the cancellation property, x, v =z hencex; =z. =

Theorem 2.2 [1; see also 18]. An orthoalgebra satisfying the Riesz
property is a Boolean algebra.

Proof. Let &1 be an orthoal gebra satisfying the Riesz property. First we
provethat Oa, b € Arif a L b, thena Ob existsand isequal to a ® b. It
then easily follows that « is an orthomodular poset.

Leta L b.Clearly a,b=a® b. Let a, b = x. By Theorem 2.1, there
is a Mackey decomposition a,, b,, c of a, b such that a;, @ b, & ¢ = x. But
a L bimpliesc L c,hencec = 0, sothat a; = a, b; = b. Thisimpliesa®
b = xwhenevera,b=x,i.e,a® b =alb. Therefore «{ is an orthomodular
poset. Since any two elements are compatible, s is a Boolean algebra.

2.1. Lattice-Ordered Effect Algebras

Let us now consider effect algebras that are lattice-ordered (in other
words, the partial order = gives rise to a lattice) (for basic properties see,
eg., refs. 1, 11, and 8).

Needless to recall that E(¥) is not lattice-ordered.

Lemma 2.6. The properties of being lattice-ordered and the Riesz prop-
erty are incomparable.

An example of a lattice ordered effect algebra which does not satisfy
the Riesz property is the “diamond” [8]. (Recall that the diamond is an effect
algebra consisting of elements {0, 1, a, b}, wherea L. a,b L b,a® a =
b®b=1x®0=xxe {01, a, b}.) An example of an affect algebra
satisfying the Riesz property which is not alatticeis an interval [0, a], where
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ais apositive element in a Riesz group which is not a lattice (see ref. 7 for
such examples).

Theorem 2.3. For alattice-ordered effect algebrathefollowing conditions
are equivalent:

1. Riesz.
2. Mackey.
3.alb=0impliesa L b.

For the proof, see refs. 1 and 18.
In any lattice-ordered effect algebra one can define a total operation [H:

alHb:=a® (@ dh)
Notice that our operation [H is well defined because a L (a’ O b).
Theorem 2.4. In any lattice-ordered effect algebra
a=<hb iff aalHb=1

As a consequence, lattice-ordered effect algebras have a*“good” polyno-
mial conditional.

Lemma 2.7. A lattice-ordered effect algebra satisfies the Riesz property
iff the operation [ is commutative.

Definition 2.7. An effect algebra s§ = (A, @, 1, 0) is an MV-effect
algebra iff thereis an MV-algebra M = (M, Hy, '™, 1y, Oy) that represents
a “reorganization” of #. In other words:

1.M=A

2.aM = a.

4. (a® b) impliesalHy b =a®b.
5 a =y bimpliesa < b.

For the proof of the next theorem, see ref. 18 (compare aso with refs.
2 and 1).

Theorem 2.5. An effect algebra o isan MV-effect algebraiff « islattice
ordered and satisfies the Mackey property.

As is well known, an orthomodular poset is a Boolean agebra if and
only if it satisfies the Mackey property. Theorem 2.5 shows that a similar
result holds for a lattice-ordered effect algebra. It turns out that a much
stronger notion of compatibility is needed to make a general effect algebra
an MV-algebra.
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Theorem 2.6. An effect algebra o is an MV-effect algebra iff Oa, b
there is a Mackey decomposition ay, b, ¢ such that a, b = x implies a; &
b, P c=x

Proof. It iseasy to seethat a; @ b, & ¢ = a b, so that o isalattice.
Theorem 2.5 implies that < is an MV-effect algebra.

Conversely, inany MV algebra,aOb, (aH b’)’, (b[H a")' isa Mackey
decomposition of a, band (aOb) H(@H b)Y H(bHa) =alb =

3. A CHARACTERIZATION OF THE RANGE OF AN
OBSERVABLE

In this section, we will discuss the following question: under what
conditions can a subset F of elements of an effect algebra s = (A, &, 1, 0)
be embedded into the range of a (finitely additive) observable? Wewill answer
the question by using projective limits of simple observables (equivaently,
partitions of unity in A) in asimilar way as in ref. 13.

Let (Q, B(Q)) be a nonempty set () and an algebra RB(2) of subsets
of . We will consider (28(£2), «4)-observables, i.e., morphisms from 9%((2)
to A according to Definition 1.3.

Definition 3.1. An observable a:B(Q)) — Aissimpleiff thereisafinite
subset () = {w4, ..., w,} Of Q such that each singleton {w;} € B(Q), for
i=1212...,nada(w) D D a(w,) = L

A finite partition of unity in Aisafinite sequencea,, . . ., a, of elements
of A such that @<, = 1 (i.e., the latter sum exists end equals 1).

Lemma 3.1. There is one-to-one correspondence between simple observ-
ables and finite partitions of unity in A.

Proof. If a: B(Q) — A isasimple observable, thereisafiniteset g :=
{®1, ..., w,} of pointsin Q) such that each singleton { w;}, fori = 1,2, ...,
n, belongsto B(Q) and R := {a(wy), . . ., a(w,)} isapartition of unity. Let
us notice that ()¢ and any of its subsets are elements of AB((}), i.e., the whole
power set 2% of (), is contained in %B(()). Therefore, we can introduce
al 200 |, A defined as OLR(X) = EB{i:miEX} OL((J.)i), X e 2%, Then aR is an
observable which coincides with o on 2%, this latter being such that ()
= 1 [whence a(Q\ Q) = 0], i.e, the support of a is . For these reasons
we can identify the original A-valued observable o on RB() with the A-
valued observable oR on 2%,

Conversely, let R := {ay, ..., a,} be afinite partition of unity in A.
Let Qp = {wy, ..., oy} beafinite set equipped with the algebra of subsets
2%, and define, OX € 2%, a(X) = Byjmexdi. It is €asy to check that a:
2% _, Aisasimple A-valued observable on 2%, m
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Definition 3.2. (a) Let (D, =) be a directed set and () a finite set for
eachi e D. Wheneveri,j e D and i = |, let there be given a mapping g; ;:
) - () and denote by 4 := {g;;:i,j € Dandi = j} the collection of all
such mappings. The pair ((})ip, 9) is called a projective system of finite
sets if the following conditions hold:

(i) gi; is the identity map on (), for each i e D.

(ll) Gij° 9k = Yk whenever i = J =k

(b) We say that (((}, «)icp, ) is a projective system of simple observ-
ables if (((V)icp, 9) is a projective system of finite sets and for each
i e D, o;: 2% -, Aisasimple observable such that the following compatibility
condition holds:

(i) OX e 2% o;(X) = o(gi1(X)) whenever i < j.

Let ((icp, (9ij)icp,i=j) be a projective system of finite sets with
directed set D. If Qp := X;p{) is the Cartesian product of the (), let ) be
its subset consisting of those elements, called threads, () = {(w)icp € OQp
such that i, j € D satisfying i = | we have g; j(w;) = w;j}. Then () is called
the projective limit of the system ((€2):)icp, (i;)icp,i=j) and denote ) =:
lim_(€, gi;) [19]. For this space we consider the i-projection g;: 1 - (),
o — o, i € D. Trividly, g = ¢;; ° g; whenever i = j.

In general, () can be very small (or empty) even if each g; is an
onto mapping. In order to overcome this difficulty, the following (sufficient)
condition (due to Bochner) is useful.

Definition 3.3. A projective system of finite sets (((%)icp, (9i;)icp.i=j),
is said to satisfy the sequential maximality condition (s.m. condition) if for
each sequencei; =i, = ---in D and any point = (;)i<p, € Qp such that

ginain+l((‘0in+l) = (‘Oin’ n= l

we have w € ().

It is not hard to verify that the sm. condition holds if each () is a
nonempty compact Hausdorff space (in particular, if it is finite) and al g
are onto mappings [19]. In the latter case @ + ) C ()p is dso compact.

Theorem 3.1. Let A = (A, @D, 1, 0 ) be an effect algebra. A subset K
of A can be embedded into a range of an observable « if and only if there
is a projective system ((€), ai)icp, %) of simple observables such that for
each k € K thereisani € D such that k e Range(w;).

Proof. (i) Assume that K C Range(a) for an observable o: B(2) - A,
where R((2) is a Boolean agebra of subsets of a nonempty set ) [i.e., for
every k e K, there exists X, e B(Q) such that a(X,) = K]. Let R be the set
of al finite digoint partitions of () with elementsin %B() [in particular, for
every k e K the pair R, := { X, Q\X} is afinite partition of Q, i.e.,, an
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element of R]. For each R = {X}i=n € R, the mapping R = X; — a(X) €
A defines uniquely a simple observable o™ 2R . A by the law O{X;, X,,
o X CR af({ Xy, Xp, o, X)) = aR(X) @ aR(X) D ... D aR(X) [in
particular, of« (X,) = K]. Let R;, R, € R and assume that R; is a refinement
of Ry, that is, for every X; € R, there is (exactly one) Y; € R,, such that
Xi CY,. We then write R, = R;. For R, = R; the function grr,: Ri - Ry,
Xi = Y; (with X; CY)) is then a uniquely defined onto mapping. If R, = Ry
and R; = R,, then aso Ry = Ry and Qryr; = Orer, © Oror,- FinaAly, for any
two partitions Ry, R, € R the partition R = {X N Y;: Xi € Ry, Y; € Ry}
belongs to R, and is a common refinement of R; and Ry, that is, R, = R,
R =R andso (R, =) isadirected set. Let § := {gr' R, Se R, R= §.
It is now immediate to check that (R, a®req, 9) is a projective system of
simple observables. By construction, K C Ug.g Range(aR).

Conversely, let (€}, oy)ip, 9) be aprojective system of simple observ-
ables. Then, the Bochner s.m. condition is satisfied and, by Proposition 4 in
ref. 19, p. 120, the projective limit () = lim; _ is a compact Hausdorff space.
Letg: Q) — () bethe natura coordinate projection, i e D. The s.m. condition
implies that g; (Q2) = Q. Define B(Q)o := Ui g 1(B(Q);). Then B(Q)o isan
algebra of subsets of ), which is generated by the cylinder sets of () with
bases in B(Q);, i € D, where B(Q) :=2% Let X e B(Q). If
X e g HBQ)) N g H(B(L);), then there exist Y, € B(Q)i, Yo & B(Q),
such that X = g (Y1) = g *(Y2). Since D is directed, there existsan| € D
suchthat | =i, | = j, and by compatibility of the mappings, we have g, =
Gi° 9, g = g °g. Hence

gt (@it(Y)) =g (Y) =X
=g 1Y) = g Hgi* (VD)

Since g: Q - € isonto, it follows that g X B(Q), — B(Q), is one-
to-one, so that the latter equations imply that

gi (Y = gir(Y2)
Thus
o (Y1) = (G (Y1)
= a(gi(Y2) = o;(Y2)

by the compatibility of observables. If we set a(X) 1= a;(Y1) = (Y2), X €
B(£2)o, then a is unambiguously defined on %B(€2),. Clearly, a () = o; ((}) =
1, and « isfinitely additive on %B(£2),. Moreover, the prescription also implies
that o = a o g%, i € D. Hence Ui e D, Range(e;) C Range(a). m
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